Abstract. Let K be an algebraically closed field. For every n ≥ 2 we find an n-dimensional complete variety X n over K, which has infinitely many maximal quasi-projective open subsets.
Hence the results of Kleiman and Włodarczyk hold for normal surfaces. However, we show that these results cannot be extended to the case of arbitrary surface.
We start with the non-projective surface X. If char K = 2 let C denote the nodal curve in P 2 given by the equation y 2 z −x 3 −x 2 z = 0. If char K = 2 let C be given by equation y 2 z + x 3 + x 2 z + xyz = 0. If P 0 = (0 : 0 : 1) is the singular point, then C \ P 0 is isomorphic to the multiplicative group G m = (K * , 1, ·). For each a ∈ K * consider the translation of G m given by t → ta. This induces an automorphism of C which we denote by φ a . Now consider C × P 1 \ {0} and C × P 1 \ {∞}. We glue their open subsets C × P 1 \ {0, ∞} by the isomorphism φ : (P, u) → (φ u (P ), u) for P ∈ C and u ∈ G m = P 1 \ {0, ∞}. Thus we obtain a non-projective complete surface X (see [2] , Ex.7.13). This surface is smooth away from the curve Z ∼ = P 1 given locally as P 0 × K. Theorem 1.9. The surface X contains infinitely many MQOS.
Proof. Since the surface X is non-projective it is enough to prove that it satisfies the Chevalley Condition (see Proposition 1.4). Let f : X ′ → X be the normalization of X. It is easy to see that X ′ can be covered by two smooth subsets isomorphic to P 1 × K, hence it is a smooth surface. By Theorem 1.5 this implies that X ′ is a projective surface. In fact it is a ruled surface with projection π : X ′ → P 1 . In particular X ′ is a projective vector bundle P(E) associated to some vector bundle E on P 1 . Now let S ⊂ X be a finite set. Take S ′ = f −1 (S). Since f is a finite mapping we have that the set S ′ is finite. Take a point a ∈ P 1 which does not belong to π(S ′ ). Take U = P 1 \ {a} ∼ = K. Hence S ′ ⊂ π −1 (P 1 \ {a}) = π −1 (U ). Since every vector bundle over U is trivial, we have π −1 (U ) = U × P 1 . Now let Z ⊂ X denote the singular curve of X. Then Z ∼ = P 1 and we have two disjoint sections ρ i : Z → X ′ = P(E), i = 1, 2 induced by the normalization f . We can assume that over U these sections are simply ρ 1 : U ∋ u → (u, (0 : 1)) and ρ 2 : U ∋ u → (u, (1 : 0)). Now the general section ρ x : U ∋ u → (u, (x : 1)) is disjoint from the set S ′ (and from sections ρ 1 (U ), ρ 2 (U )).
, this implies that the mapping f : V ′ → V is finite. Since V ′ is affine, we have that the set V is affine, too (see [1] , 1.5, p. 63). However S ⊂ V , hence X satisfies the Chevalley Condition. Corollary 1.10. For every n ≥ 2 there exists an n-dimensional complete variety X n , which has infinitely many maximal quasi-projective open subsets.
Proof. Take X n = X × P n−2 , where X is the non-projective surface defined above. Since X n contains closed non-projective subvarieties of type X × {a}, it is non-projective as well. Hence, it is enough to show that X n satisfies the Chevalley Condition. Let S ⊂ X n be a finite set of points. Consider the projection π : X n → X and put S ′ = π(S). By the above consideration there exists an affine open set U in X such that S ′ ⊂ U. Now S ⊂ U × P n−2 and we conclude by Proposition 1.1. Remark 1.11. Let us note that we also give an example of a smooth projective variety X ′ and a complete variety X, such that there is a finite surjective mapping π : X ′ → X and the variety X is not projective. On the other hand it is well-known that if we assume additionally that X is smooth, then the variety X has to be projective (see [1] , 4.7).
We finish this note stating:
Conjecture. (Białynicki-Birula) Every normal variety contains only finitely many MQOS.
Appendix
For the convenience of the reader we show that the surface X is nonprojective (we will follow hints from [2] ). Recall that C denotes the nodal curve given in P 2 by the equation y 2 z − x 3 − x 2 z = 0 (for char K = 2 by y 2 z + x 3 + x 2 z + xyz = 0). Consider the parametrization π :
, where a and b are the roots of x 2 + x + 1 = 0). For simplicity we will consider only the case char K = 2, we leave the (similar) case char K = 2 to the reader as an exercise.
Except for the points A = (0 : 1) and B = (1 : 0) the morphism π is an isomorphism C \ P 0 ∼ = K * . Let φ denote the automorphism
Notice that X is obtained by gluing C × (P 1 \ {∞}) with C × (P 1 \ {0}) along their open subsets C ×K * via the isomorphism φ. Both the projections C × (P 1 \ {∞}) → P 1 \ {∞} and C × (P 1 \ {0}) → P 1 \ {0} are proper morphisms, hence the projection X → P 1 is a proper morphism, thus X is a complete algebraic variety.
Let
The parametrization π naturally extends to Y → Z and Y 1 → Z 1 which also will be denoted by π. Consider the exact sequence:
Using the global sections functor we obtain a commutative diagram.
Using the "snake lemma" we obtain the following exact sequence:
We have an exact sequence:
Since D is a principal divisor we have Pic(Y ) = Pic(Y 1 ) = Pic(P 1 × K) = Pic(P 1 ). In fact if π : Y → P 1 is the projection, then every element of Pic(Y ) is of the form π * (α), where α ∈ Pic(P 1 ) and the mapping Deg : Pic(Y ) ∋ π * α → deg α ∈ Z is an isomorphism. Now we will study the group Γ(Z, π * O * Y /O * Z ) in order to describe Pic(Z) and, eventually, the divisors on X.
Let us start by identifying the stalks of
g , the coefficients of f and g are regular at p and the leading terms in t and s do not vanish at p} and 
Since we know the stalks of π * O * Y /O * Z , we are in a position to identify the global sections of this sheaf. Recall that a global section can be identified with a set {(U i , f i )}, where 
it is a generator of Pic(Y ). Consequently, the last mapping in the exact sequence (2.1) is onto and we have an isomorphism Pic(Z) ∋ {(U,
Note, that we can proceed in a similar way with Z 1 . We have
Let us now examine the action of φ * on Pic(Z). We have φ * ( . Identifying Pic(Z) with K * × Z × Z we can say that the morphism φ * has the form (a, k, n) → (a, k − n, n).
Take D ∈ Pic(X). Using the identification Pic(Z 1 ) ∼ = K * × {0} × Z we can say that D| C×(P 1 \{∞}) and D| C×(P 1 \{0}) represent elements (a, 0, n) and (b, 0, k) respectively. Both expressions must coincide on C × (P 1 \ {0, ∞}) via the morphism φ * , meaning (a, 0, n) = φ * ((b, 0, k)) = (b, −k, k), thus a = b and n = k = 0. Therefore D| C×(P 1 \{∞}) has to be of the form {(U, x (1+α)x+(1−α)y ), (V, 1)}. Note that the divisor D| C×{0} is of the form A − B (A, B ∈ Reg(C × {0})), hence it has degree 0. Now assume that X is projective. Let D ′ ∈ Pic(X) be a general hyperplane section. The divisor D ′ | C×{0} is effective and nonzero, thus it has a positive degree. This is a contradiction.
